Degenerate submanifolds of pseudo-Riemannian manifolds are quite difficult to study because there is no prefered connection when the submanifold is not totally geodesic. For the particular case of degenerate totally umbilical hypersurfaces, we show that there are "Weyl" connections adapted to the induced structure on the hypersurface. We begin the study of these with their holonomy.
Introduction
If (M , g) is a Riemannian manifold, any submanifold M of M has an induced Riemannian metric g. Moreover, the Levi-Civita connection D of the metric g is nothing but the orthogonal projection along M of the Levi-Civita connection D of g. This is the starting point of the theory of Riemannian submanifolds, and it goes back to Gauss.
If (M , g) is a pseudo-Riemannian manifold,the above procedure does not apply as well when the induced "metric" g on M is degenerate. First, there is no longer an orthogonal projection of T M onto T M along M . Furthermore there is no "Levi-Civita" connection for g in the general case.
In this paper, we will consider the special case of degenerate hypersurfaces. It is known that (M, g) admits a torsion-free connection ∇ with g-parallel (∇g = 0) if and only if (M, g) is totally geodesic in (M , g). When (M, g) is not totally geodesic, one may still choose a torsion-free connection ∇ on M by projecting D, but there are some choices for such a projection. Such "projected" connections are studied for example in [5] , with the choice of an auxiliary screen distribution.
in this paper we will consider only the special case of totally umbilical hypersurfaces. We remark that a projected connection (as above) cannot be a "Weyl" connection for (M, g). We give a precise definition of Weyl connection in § 3 (Definition 3.2), but this is the same as the classical definition for nondegenerate metrics.
We illustrate that fact in § 4 with the basic example of the light cone at the origin inside the flat 3−dimensional Lorentz space.
On the other hand, we show in § 5 that there are Weyl connections for any totally umbilical (M, g). We hope that these Weyl connections will be more suited than projected connections for the study of totally umbilical degenerate hypersurfaces. In § 6, we iluustrate that point of view with a preliminary study of the holonomy of these Weyl connections.
Preliminaries on Lightlike hypersurfaces
Let M be a hypersurface of an (n + 2)−dimensional pseudo-Riemannian manifold (M , g) of index 0 < ν < n + 2. In the classical theory of nondegenerate hypersurfaces, the normal bundle has trivial intersection {0} with the tangent one and plays an important role in the introduction of main geometric objects. In case of lightlike (degenerate, null) hypersurfaces, the situation is totally different. The normal bundle T M ⊥ is a rank-one distribution over M : T M ⊥ ⊂ T M and then coincide with the so called radical distribution RadT M = T M ∩ T M ⊥ . Hence,the induced metric tensor field g is degenerate and has rank n. The following characterisation is proved in [5] . (ii) g has constant rank n on M .
A complementary bundle of T M ⊥ in T M is a rank n nondegenerate distribution over M . It is called a screen distribution on M and is often denoted by S(T M ). A lightlike hypersurface endowed with a specific screen distribution is denoted by the triple (M, g, S(T M )). As T M ⊥ lies in the tangent bundle, the following result has an important role in studyng the geometry of a lightlike hypersurface. 
and
Here and in the sequel we denote by Γ(E) the F(M )−module of smooth sections of a vector bundle E over M , F(M ) being the algebra of smooth functions on M . Also, by ⊥ and ⊕ we denote the orthogonal and nonorthogonal direct sum of two vector bundles. By proposition 2.2 we may write down the following decompositions.
As it is well known, we have the following:
where ∇ denotes the Levi-civita connection on (M , g) and Q is the projection on T M with respect to the decomposition (4).
Remark 2.1 Notice that the induced connection ∇ on M depends on both g and the specific given screen distribution S(T M ) on M .
By respective projections Q and I − Q, we have Gauss an Weingarten formulae in the form
. They are the second fundamental form and the shape operator of the screen distribution, respectively.
Equivalently, consider a normalizing pair {ξ, N } as in the proposition 2.2. Then, (7) and (8) take the form
where we put locally on U,
It is important to stress the fact that the local second fundamental form B in (13) does not depend on the choice of the screen distribution. We also define (locally) on U the following:
Thus, one has for X ∈ Γ(T M )
It is straighforward to verify that for X, Y ∈ Γ(T M )
The linear connection (9)is a metric connection on S(T M ) and we have for all tangent vector fields X, Y and
with
The induced connection ∇ is torsion-free, but not necessarily g-metric. Also, on the geodesibility of M the following is known. 
It turns out that if (M, g) is not totally geodesic, there is no connection that is, at the same time, torsion-free and g-metric. But there is no unicity of such a connection in case there is any.
3 Some facts about total umbilicity 
or equivalently,
If the function λ is nowhere vanishing on M , then the latter is said to be proper totally umbilic.
It is an easy matter to verify that this is an intrinsic notion that is independant on U, the choice of a screen distribution, ξ (and hence N as in Proposition 2.2).
In some sense, total umbilicity is the nearest situation from being totally geodesic (λ is identically zero). Also, relation (25) may be written for a given
with α a 1-form on Rad(T M ) and 
Furthermore, (M, g) is proper totally umbilic if and only if α is everywhere non-zero.
Proof. By use of (18) and (20)we have
for all tangent vector fields X and Y in Γ(T M ). Then, the equivalence follows (24). In a (Pseudo-) Riemannian setting, manifolds M n with conformal structure [g] and torsion-free connection D, such that parallel translation induces conformal transformations, are called Weyl manifolds. In this respect we give the following. 
holds. If in addition, ∇ is torsion-free, it is said to be a Weyl connection.
From Proposition 3.1, we were tempted to hope that, the induced metric g, failing to be parallel with respect to the induced connection, the latter should be conformal. Unfortunately, it is not the case as is shown in the following. 
Proof.
Assume that the induced connection ∇ satsfies (29) for some smooth 1-form θ defined on M . Then, from (22) we get
(30) for all vector fields X,Y and Z in Γ(T M ). In (30), for Y = ξ ∈ RadT M , using (19) leads to B(X, Z) = 0 for all vector fields X and Z in Γ(T M ), which is equivalent to saying that (M, g) is totally geodesic. The last assertion is immediate since proper totally umbilic leads to B is everywhere non-zero.
We shall show that, indeed, there always exists Weyl connections on proper totally umbilic lightlike hypersurfaces. We start by an elementary example.
An elementary example
Consider the Lorentz space R 3 1 that is R 3 with the flat Lorentz structure associated with the quadratic form
for all u ∈ R 3 . Let ∧ 2 0 be the light cone at the origin,
Consider cylindric coordinates system (r, θ, z) on R 3 and the associated frame field (∂ r , ∂ θ , ∂ z ) with
Then, it is easy to show that ξ = ∂ r + ∂ z and ∂ θ are in T ∧ 2 0 and that ξ, ξ = ξ, ∂ θ = 0 where g = , denotes the Lorentz metric on R 3 1 . So, {ξ, ∂ θ } is a frame field on ∧ 2 0 and we have RadT ∧ 2 0 = span{ξ = ∂ r + ∂ z }. Thus, B = {ξ, ∂ θ , ∂ z } is a frame field on R 3 1 \ {r = 0} (which contains ∧ 2 0 ), with T ∧ 2 0 = span{ξ, ∂ θ }. With respect to B, we have
Let D denote the Levi-Civita connection on R 3 1 . Then, we have
Thus, ∧ 2 0 is proper totally umbilical with λ = 1 r . Now, define on ∧ 2 0 a connection 0 ∇ as follows.
Let g denote the induced metric on ∧ 2 0 . Then, by straightforward computation using (36) and (34), one gets for all tangent vector fields X and Y in T ∧ 2 0 , (
Combining (37), (38) and (34), we deduce that
Thus, since 0 ∇ is torsion-free by construction, it is a Weyl connection on ∧ 2 0 . From above enumerated facts, one can wonder wether the fact of admitting a Weyl connection characterizes completely proper totally umbilical lightlike hypersurfaces. We are going to give a positive answer to this question. Proof. The condition is sufficient. Indeed, suppose there exists a Weyl connection ∇ on (M, g), that is ∇ is torsion-free and there exists on M a smooth 1-form θ such that ∇ g = θ ⊗ g. Then, applying this relation to ξ, and arbitrary X and Y in T M we get
A total umbilicity criterion
Now, we write ∇g ⋆ . Then, the latter is canonically isomorphic to (T M | M )/T M . Also, the projection
has contractile fibres. Then, there exists a section ζ of T M| M such that
Observe that such two sections ζ differ by exactly one section of Γ(T M ). Now, let θ be the smooth 1-form on M defined by
and define ∇ θ as follows.
for all tangent vector fields X and Y in M and D the Levi-Civita connection on ambiant space (M , g). We first show that for X and
Thus, ∇ θ X Y ∈ T M for X and Y tangent vector fields in M . Also, ∇ θ is clearly a torsion-free connection on M . Finally, we show that ∇ θ is conformal. Let X, Y Z in T M .We have,
By (42), the terms in last two brackets are zero. Hence, ∇ θ X g)(Y, Z) = θ(X)g(Y, Z) for all tangent vector fields X,Y and Z in M and the proof is complete. The above fact gives a good picture of the set of totally umbilical paires (M, g). Let us turn the problem around and relate it to one of the invariants of a given connection on M , the holonomy groups [7, 8] . More precisely, let M be a connected (n + 1)-manifold, and ∇ a torsion-free connection on M . We ask about necessary and sufficient conditions on Hol 0 (∇) so that ∇ be a Weyl connection of a 1-degenerate metric g on M .
6 Holonomy groups and 1-degenerate metrics
In the classical case of a manifold with a (non-degenerate) quadratic form g and Weyl connection ∇ with ∇g = θ ⊗ g, the holonomy group of ∇ at point x is included in the conformal group CO(g x ) = R ⋆ · O(g x ).
Now, let (M, g) be (n + 1)-manifold M with an everywhere co-rank one metric g, and F the frame bundle of M . Then, each point of F is (x, e 0 , . . . , e n ), where (e 0 , . . . , e n ) is a basis of T x M , with e 0 generating the radical distribution RadT M . Now, define P to be the subset of F for which (e 0 , . . . , e n ) is a quasi-orthonormal basis with respect to the 1-degenerate metric g with sgn(g) = (0, p, n − p). Then, P is a G-structure on M with fibre
Now, let (M, ∇) be a connected (n + 1)-manifold M with a torsionfree connection ∇. We are interested in finding necessary and sufficient conditions on the holonomy group Hol(∇) for ∇ to be Weyl connection of a conformal class [g] with g a 1-degenerate metric on M .
Suppose there exists on M a 1-degenerate metric g and a one form θ ∈ C ∞ (T ⋆ M ) such that ∇g = θ ⊗ g. We first show that the kernel of g that is the radical distribution is ∇-parallel. Let ξ in RadT M , X, Y in T M , we have
Then, RadT M is ∇-parallel and it follows similar argument atop of this section that Hol 0 (∇) is a subgroup of R n >⊳ R ⋆ × (R ⋆ · SO(n)), that is any element of Hol(∇) has the form
Conversely, let ∇ be a connection on M , and assume that elements of Hol(∇) have the form in (47). Then, there exists a rank one subbundle of T M , say L, that is ∇-parallel. Let
denote the natural projection. From (47), the connection ∇ induces on the quotient T M/L a connection∇ explicitly defined by
for all tangent vectors X, Y in T M , with Y = π(Y ). Relation (48) is well defined since for Y ′ = Y + U with U ∈ L, we have
where we used the fact that L is ∇-parallel. Thus, (48) is independant of the choice of Y in Y .
On the other hand, it follows (47) and (48) that
Then, from (49), ∇ is a connection on the vector bundle T M/L over M , that is compatible with a conformal class [g] , where g is a nondegenerate 
